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Computational Technique for Compressible Vortex Flows
Past Wings at Large Incidence

Osama A. Kandil*
Old Dominion University, Norfolk, Virginia

A computational technique based on the integral solution of the full potential equation has been developed for
the solution of three-dimensional subcritical flows past wings at high angles of attack. The problem includes two
sources of nonlinearities: a boundary-oriented nonlinearity (separated flow roll-up) and a region-oriented
nonlinearity (flow compressibility). The former is represented by a nonlinear vortex lattice, while the latter is
represented by a source distribution within a finite computational volume. The solution is obtained by using
double iteration cycles, a separated flow (wake) iteration cycle, and a compressibility iteration cycle. The com-
putational technique is applied to a delta wing and the results show that the technique is accurate, promising,

and efficient.

Introduction

EVELOPMENT of computational techniques for three-

dimensional flows past wings at high angles of attack
have become extremely important to aerodynamicists dealing
with modern designs of fighter aircraft, missiles, and heli-
copters. Modern fighter aircraft fly at high angles of attack
during takeoff, offensive and defensive maneuvering, ap-
proach, and landing. In this range of angle of attack, vortex
flows develop around the aircraft that have dominant effects
on its aerodynamic characteristics and controllability. Modern
designs of missiles require high launch angles of attack and
high maneuverability within which a very complex vortex flow
develops. For helicopters, the interaction of a blade with the
vortex wake of another blade affects its operating perfor-
mance, vibration, and noise characteristics. In forward
speeds, blade slap, a predominant source of external noise, oc-
curs due to the rapid time rates of change of the pressure on
the blade developing from the blade passage through a tip
vortex of a preceding blade.

For all these applications, one has to deal with strong
nonlinear aerodynamics. Compressibility and edge separation
of the flow are the main sources of the strong nonlinear ef-
fects. Prediction of the aerodynamic characteristics under the
coupled effects of nonlinearities is obviously a challenging
problem because of the complexities involved in the flow.

An extensive literature review reveals that all of the existing
techniques do not simultaneously and completely account for
these two sources of nonlinearities. Some of the existing
techniques can treat the problem with flow separation at sharp
edges without accounting for the full nonlinear compressibil-
ity effects (limited to low Mach numbers), while the others can
treat the problem with the full nonlinear compressibil-
ity without accounting for the roll-up of the separated flow
(limited to small angles of attack).

Mathematically, a problem is called a nonlinear problem if
the governing equation is nonlinear and/or if the boundary
conditions are nonlinear. For inviscid, incompressible, or low-
subsonic flows at high angles of attack, the problem is
nonlinear, although the governing equation is linear (the
Laplace or Prandtl-Glauert equation). The nonlinearity is due
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to the boundary conditions on the separated flow surfaces. On
the other hand, for inviscid compressible flows at low angles
of attack, the problem is nonlinear because the governing
equation is nonlinear (full potential equation) even with
linearized boundary conditions. For compressible flows at
high angles of attack, the problem is obviously nonlinear due
to both the governing equation and the boundary conditions.

In search for an appropriate numerical method of solution,
one has to bear in mind the origin of nonlinearity: a boundary
oriented (separated flow roll-up), a region oriented (flow com-
pressibility), or both. For the boundary-oriented nonlinearity,
methods that are directly or indirectly derived from the
Green’s function solution (integral equation methods) have
been developed, such as the nonlinear discrete vortex,!¢
doublet panel,”'2 vortex panel,'*! and velocity potential
panel,'®!” among others. To account for the flow com-
pressibility in these methods, the Prandtl-Glauert transforma-
tion based on the freestream Mach number is used. The com-
puted results have shown that this transformation is limited to
cases with low subsonic Mach numbers and high angles of at-
tack or moderate-to-high subsonic Mach numbers and low
angles of attack. For the region-oriented nonlinearity, finite
difference methods have been extensively used!®?! without ad-
dressing the roll-up of separated flow. However, for super-
sonic flows at high angles of attack, computationally expen-
sive methods based on the full potential equation?*? and
Euler’s equations?*2% have been developed. These methods use
different versions of implicit and explicit finite difference
techniques.

Recently, steady vortex flows about three-dimensional
wings have been solved by using the time-marching finite
volume techniques of the Euler equations. Rizzi®’ applied a
pseudo unsteady explicit version of the technique to the steady
transonic flow around wing/body configuration at angles of
attack that did not exceed 3.06 deg. The convergence of the
technique to steady flow has been accelerated by using a
variable weighting factor and the local time-step technique.
Tip vortex flow has been captured past the ONERA M6 wing
by using a mesh of 18,000 cells and 310 s of CPU time on the
Cyber 203 vector processor.

Krause et al.?® also used a time-marching finite-volume
technique for Euler and Navier-Stokes equations and applied
it to the incompressible flow around a delta wing of aspect
ratio of 1 and 15 deg angle of attack. In the Euler equations,
numerical damping was necessary for the solution to converge
and, in the Navier-Stokes equations, smooth flowfields were
obtained only for Reynolds numbers of the order of a few
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hundred. It is apparent that their captured leading-edge vortex
flow in the Euler equation solution is dependent upon the ar-
tificially introduced vorticity due to the damping nature of the
technique. This had been confirmed earlier by Rizzi.? It is the
author’s opinion that a Kutta-like condition is needed for the
uniqueness of Euler’s equation solution. Alternatively, vortex
sheet fitting can be used in conjunction with a modified time-
marching technique of Euler’s equation. Although the com-
putations in Ref. 28 have been extended to 50% behind the
trailing edge, the computed results did not show the formation
of the trailing-edge vortex core that had been computed*$ and
measured?! earlier. Singular behavior of the finite difference
technique at the wing leading edge has been reported and more
future work is needed on this problem. The CPU time has not
been reported in this work.

It is evident that integral equation methods are powerful
and computationally economical in treating the boundary-
oriented nonlinearity. Moreover, it has tentatively been
demonstrated that they can treat the region-oriented
nonlinearity in subcritical flows. This is achieved by treating
the nonlinear compressible terms in the full potential equation
as inhomogeneity and hence considering the result as a
Poisson’s equation. Thus, a volume integral term correspond-
ing to the inhomogeneity is added to the surface integral terms
in the expression of the field velocity, as will be shown later.

The integral equation (IE) approach has several advantages
over the finite difference (FD) approach. The IE approach in-
volves evaluation of integrals, which is more accurate and
simpler than the FD approach in which the accuracy depends
on the grid size. Moreover, the 1E approach automatically
satisfies the far-field boundary conditions and hence a small
limited region around the source of disturbance is needed. In
the FD approach, grid points are needed over a large region
around the source of disturbance and special treatment is re-
quired to satisfy the far-field boundary conditions.

In this paper, a computational technique based on the IE
approach has been developed and applied to a low-aspect-
ratio delta wing at a large angle of attack in subcritical flows.
Extension of this technique to transonic flows is underway.

Integral Equation Formulation

The three-dimensional, steady inviscid, compressible flow is
governed by the following equations:

Conservation of mass
(P*®% )+ (p* P50 )ye + (p*P5) o =0 ¢))
Conservation of energy
* 2 ’Y—] * 2 *2 7_1 *2 *2 *2
ak +TV°° =a +——é—(d>x‘ + @37 +237) )
Isentropic gas equation
p*/pe = (a*2/as?) /=D 3
where ®* is the total velocity potential, ¢* the speed of sound,
p* the density, v the ratio of specific heats, and subscript o
the freestream condition. Combining Egs. (2) and (3) and us-

ing V%, p¥, and a length { as the reference parameters, we ob-
tain the following dimensionless equation for the density p:

¥

—] 1/(y=1)
p=| 1+ M2 (1- 83— 4] —82) )

where M., is the freestream Mach number.
The dimensionless form of Eq. (1) is given by

¢, +®,+¢,.,=G )
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where
G:_(I/p)(pxq>x+pyq)y+pz¢z) (6)

Reading Eq. (5) as Poisson’s equation and using Green’s
theorem, the solution of the equation is given by the sum of
surface and volume integral terms as well as the freestream
velocity potential

1 1
¢, (x,y, =¢>m+-@ —ds
p (X, ¥,2) 7 War

g (e Ll 0

where , (x,,z) is a field point, @, the velocity potential of
freestream, g the strength of a source distribution on the
boundary, p the strength of a doublet distribution on the
boundary, G a source distribution throughout the flowfield
representing the compressibility of the flow, and r given by

r=[(x=8)?+—n?+(z-0?1" ®)

It should be noted that Eq. (7) automatically satisfies the
boundary condition at infinity. This is a big computational ad-
vantage over the finite difference technique, since one does
not need to enforce this condition. Moreover, a small finite
volume around the wing will be sufficient to solve the
problem.

Taking the gradient of Eq. (7) and replacing the surface
doublet term on the right-hand side by a surface vorticity
term, we obtain the expression for the velocity field,

- - 1 q(é&nf)
V,(x,,2) =em+ﬁ@7&ds

%@MM%NM‘W ©

For an incompressible flow, the volume integral term
vanishes since G =0 and the resulting expression includes sur-
face integral terms only. Moreover, if the wing is reduced to a
lifting surface, the surface source term is not needed and the
resulting expression represents the basic approach used in the
nonlinear vortex lattice and the nonlinear vortex panel tech-
niques developed earlier by the author.>'* In this case, the
basic unknowns of the problem are the circulation distribution
T' (vortex lattice technique) or the vorticity distribution &
(vortex panel technique), and the shape of the free vortex
sheets emanating from the separation lines. These are obtain-
ed by imposing the no-penetration condition on the lifting sur-
face, the Kutta condition along the separation edges, and the
kinematic and dynamic boundary conditions on the free
vortex sheets. This is accomplished by an iterative technique
that will be modified later to include accurate modeling of the
inviscid vortex cores.>$

For low-to-moderate subsonic Mach numbers, the linear-
ized compressibility effect is given by

G=M.%,, (10)

and on using this expression for G in Eq. (5), we recover the
linear homogeneous equation

B2®, 4+, + &, =0 (11)

where 8= (1 — MZ2)*. Following the Prandtl-Glauert transfor-
mation, the compressible flow of Eq. (11) is solved in the
equivalent incompressible region.®® In the compressible
region, such a solution gives the first approximation of the
strength G in Eq. (9).
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For the full compressibility effects, the following iterative
procedure is used. Starting with the approximate solution of
G, Eq. (9) is used to calculate I7p and Eqs. (4) and (6) are used
to update the values of G. Next, the boundary conditions are
enforced iteratively, with G- fixed, until we obtain the
strengths of ¢ and & (or ¢ and I') and the shape of the free
vortex sheets. Next, G is updated and the iteration cycles are
repeated until the solution of &, G, and the shape of the free
vortex sheets converge.

Method of Solution and the Computational Technique

The method of solution is divided into two major steps. In
the first step, linear compressibility effects are taken into ac-
count only through the Prandtl-Glauert transformation,.while
in the second, nonlinear compressibility effects are taken into
account through Poisson’s full potential flow equation. The
details of these two major steps follow.

Step 1: Linear Compressibility Effects

1) Equation (11) is used to introduce the flow compressibil-
ity linearly. This is done by solving the problem in the
equivalent incompressible region?® governed by

S+, +,... =0 (12)
where

x =x/8, y' =y, z' =z, 8=(1—-M%L)" (13)

Using the technique of Ref. 30 coupled with the modified
nonlinear discrete vortex method of Ref. 6, we obtain the cir-
culation distribution on the wing and its free vortex lines and
the shape of the free vortex lines. It should be noted here that
the shape of the free vortex lines is determined under the linear
compressibility effects. Moreover, no volume integral terms
have been used in this step.

2) Before switching to the nonlinear compressibility effects,
a finite parallelopiped-shaped volume is taken around the
wing and a three-dimensional grid is generated within this
volume, see Fig. 1. Equation (10) is then used to calculate the
linear G; values (source strength) at the centroids of all the
elemental volumes of the grid. In computing G, values, Eq.
(10) is rewritten as

Gi=Miu, (14

where u,; is the sum of all x derivatives of the induced x com-
ponent of velocity at the ith centroid due to all the vortex lines
(bound and free) in the flowfield. Central finite differencing is
used to calculate u,; since the flow is assumed subcritical
throughout. It should be noted that the G; value is considered
constant within the elemental volume AV;.

A computer program is devoted for this step and the
resulting solution (circulation distribution, coordinates of free
vortex lines, and G; distribution of the three-dimensional grid)
is stored on a file.

Step 2: Nonlinear Compressibility Effects

This step includes a compressibility iteration cycle and a
wake iteration cycle as follows:

1) Fixing the shape of the free vortex lines, Eqgs. (4) and (6)
are used to compute p; and G; as

-] 1(y~1)
pi= [1+12_.M;<1_u,2—v,z-w,z)] ! (15)

1 ,

G = —p_(pxiui+pyivi+pziwi) (16)
i

where u;, v;, and w; are the components of the freestream

velocity and the /th induced velocity due to all the vortex lines

and elemental source volumes [using Egs. (A3-A5) of the Ap-
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Fig. 1 Computational domain.

Fig. 2 Converged solution showing the computed vortex cores at
AR=1, a=20.5 deg, M, =0.0 (G;=0.0).
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Fig.3 Normal force and pitching moment coefficients vs angle of at-
tack at different Mach numbers (R=1.0, G; =M u;).
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pendix]. Here, the density gradients p,;, p,. and p,; are also
calculated using central finite differencing equations. This is
the compressibility iteration cycle.

2) Fixing G, values, the no-penetration condition is enforced
on the wing, which is followed by enforcing the kinematic and
dynamic boundary conditions on the free vortex lines. This is
the wake iteration cycle. The compressibility and wake itera-
tion cycles are successively repeated until the circulation and
G; distributions converge. The net surface pressure distribu-
tion is calculated by using the full compressible pressure coef-
ficient equation

2 | v/ (y—1)
AC,=C,, _Cf'?:_yMg, {[1 5 M2 (1~ V?)]

_ [1+—7;1M£°(]—V3)]}W7ﬁ” an

where
V=€, +Vs+ Vp+ Vg
Vy=é,+ Vg + Vi + Vig, (18)

where ¥; and V, are the total upper and lower velocity, Vj
the induced velocity due to the source distribution, V. the in-
duced velocity due to the circulation distribution, and Fpg,
and Vg, the self-induced velocities on the upper and lower
surfaces of the wing, respectively. The computer program
devoted to this step is designed to execute one compressibility
cycle and one wake cycle for each run due to the time limita-
tion of NASA Langley’s Cyber 175 computer.

Numerical Examples

Three ranges of subsonic Mach numbers and high angles of
attack are considered in this paper.

For the nearly incompressible flow (M, =0.0), the in-
homogeneous term of Eq. (5) is set equal to zero and the prob-
lem-is solved using the wake iteration cycle only, which
sequentially enforces the wing and the free vortex lines bound-
ary conditions. Figure 2 depicts a typical converged solution
after six-wake iteration cycles. The computed leading- and
trailing-edge vortex cores (LEC, TEC) are also shown in the
figure. On the wing surface a 10 x 10 vortex lattice has been
used and the free wake computation has been carried up to
one-chord length behind the trailing edge. The CPU time for
this case is about 4 min on the Cyber 175.

For the second range of Mach numbers (0 <M, <0.5), the
inhomogeneous term of Eq. (5) is retained as linearized com-
pressibility [Eq. (10)] and the problem is solved in the
equivalent incompressible space (Prandtl-Glauert transforma-
tion) according to Eqgs. (12) and (13). The resulting equivalent
incompressible flow problem is solved using the wake iteration
cycles only. Figures 3 and 4 show the results of the total nor-
mal force C, and pitching moment C,,. coefficients vs the
angle of attack for two delta wings of aspect ratios 1 and 2,
respectively. Wide ranges of subsonic Mach numbers are con-
sidered (M, =0.0-0.8 and 0.0-0.85). The results are compared
with the experimental data of Refs. 32-34. In general, it is seen
that for Mach numbers above 0.5 and for angles of attack
above 8 deg, the computed results show deviation from the ex-
perimental data. This deviation becomes considerable for
higher Mach numbers and higher angles of attack. This is at-
tributed to the linearization of the compressible terms. It is
clearly seen that the linear compressibility overpredicts the
total load coefficients. This case converges after the same
number of wake iteration cycles as that of the incompressible
case, but it takes slightly more CPU time.

For the third range of Mach numbers (0.5>M_ <0.7,
shock-free flows), the inhomogeneous term of Eq. (5) is given
by Eq. (6) along with Eq. (4) with the exception of the first
compressibility iteration cycle, which is based on the linear
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term given by Eq. (10). For the compressibility cycles, a three-
dimensional grid (each elemental volume has a constant source
strength) is constructed consisting of 17 x 13 x 13 grid points
in the x, y, and z directions, respectively. The step sizes are
Ax=1.0, Ay=0.25, and Az=0.25. This grid size requires
2304 G calculations. Figures 5 and 6 show Mach number con-
tours and leading-edge vortex shapes in cross-flow planes for a
delta wing of aspect ratio of 1 at a 20.5 deg angle of attack and
two freestream Mach numbers of 0.5 and 0.7, respectively. In

! | 1 !
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O o4 _Experimental Data

® low My Ref. 33
-05F M -
0 Vo 0.7 ] Ref. 34
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Fig. 4 Normal force and pitching moment coefficients vs angle of at-
tack at different Mach numbers (R=2.0, G; =M u,,).
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Vortex Sheet: . _Linear _ _._ Nonlinear
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Fig. 5 Mach number contours and leading-edge vortex roll-up in
cross-flow planes for a delta wing with linear and nonlinear com-
pressibility effects (M, =0.5, =20.5 deg, R=1).
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Fig. 6 Mach number contours and leading-edge vortex roll-up in
cross-flow planes for a delta wing with linear and nonlinear com-
pressibility effects (M, =0.7, « =20.5 deg, R=1).
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Fig. 7 Comparison of the computed leading-edge vortex roll-ups for
incompressible and compressible flows past a delta wing (M, =0.7,
a=20.5 deg, R=1).
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Fig. 8 Comparison of the spanwise net pressure variation for a delta
wing (M, =0.7, «=20.5 deg, R=1).
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these figures, we compare the results of the linear com-
pressibility (Prandtl-Glauert transformation) with those of the
nonlinear compressibility. For M_ =0.5, one does not see ap-
preciable differences in the forward cross-flow planes. Only in
the trailing-edge region near the vortex core can one notice
some differences.

For M, =0.7, one can clearly see appreciable differences in
the shape and location of the Mach contours and the vortex
sheets with the nonlinear compressibility as they move further
outboard and upward. It is interesting to notice the closed
near-sonic Mach contour at the vortex core, which indicates
that a supersonic region might develop if one increases the
freestream Mach number or the wing angle of attack.

Figure 7 compares the shapes of the leading-edge vortex
sheet near the trailing edge for the incompressible flow and the
linear and nonlinear compressibilities at M, = 0.7. The results
of the nonlinear compressibility show that the vortex core is
nearer to the wing surface than that predicted with the linear
compressibility or the incompressible flow.

Figure 8 compares the spanwise variation of the net pressure
coefficient at two chord stations for the incompressible flow
and the linear and nonlinear compressibilities at M =0.7.
The experimental data shown are for incompressible flow. It is
evident that the linear compressibility overpredicts the
loading. These results qualitatively agree with the experimen-
tal results of Vorropoulos and Wendt,*>-36 who experimentally
tested a delta wing of aspect ratio of 2.

This case takes 10 wake iteration cycles and 4 compressibil-
ity iteration cycles until convergence is achieved. The CPU
time is about 60 min on the Cyber 175. It should be noted that
no effort has been made yet to write an efficient computer
program for this problem.

Conclusions

A computational technique based on the integral solution of
the full potential equation has been developed to solve the
three-dimensional compressible flows past wings at large
angles of attack. The full nonlinear compressibility terms are
represented by a volume integral term approximated by a
source distribution inside a finite volume around the wing.

The problem is solved by using double iteration cycles: wake
and compressibility. The present technique does not increase
the size of the influence coefficient matrix and hence no
substantial increase is required in the core memory. Moreover,
the required computational time is still reasonable when we
recall the complexity of the problem under consideration. The
initial computational results are very promising.

Although the present paper is limited to subcritical flows
only, transonic flows at large angles of attack can be solved by
using a shock-fitting technique that is under development.

Appendix: Velocity Induced by a Source Volume

The velocity potential at the field point ,(x,»,z) dueto a
source volume of strength G (£,7,{) is given by

I A R )
¢"(x’y’Z)_47r Sn; Sn Ss, (A2+BZ+CZ)”dEd§dn(A1)

where A=x—¢, B=y—y, and C=z-¢{.
Taking the gradient of Eq. (A1), the velocity is given by

V,(x,,2)

1 Snz gfz Ssz G(&n,¢) (Ai+Bj+ Ck)

Cdr o de, T (AZiBrr ey dedid

(A2)

471' n]
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For constant G, the closed-form expression of the velocity is found to be

s _G [ Bﬂ(HPC)
Ly D

HMA | BH E

where

D=(A2+B%)%, E=(A?+C)*, F=(B'+C%)*

H=(A’+B+C%)”* (A4)
HPC =H+C, HPA =H+A, HPB =H+B

HMC=H-C, HMA=H—-A, HMB=H—-B (AS)
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